The scalar-tensor theories have become popular recently in particular in connection with attempts to explain present accelerated expansion of the universe, but they have been considered as a natural extension of general relativity long time ago. The Horndeski scalar-tensor theory involving four invariantly defined Lagrangians is a natural choice since it implies field equations involving at most second derivatives. Following the formalisms of defining covariant global quantities and conservation laws for perturbations of spacetimes in standard general relativity we extend these methods to the general Horndeski theory and find the covariant conserved currents for all four Lagrangians. The current is also constructed in the case of linear perturbations involving both metric and scalar field. As a specific illustration we derive a superpotential which leads to the covariantly conserved current in the Branse-Dicke theory.
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I. INTRODUCTION
The modifications and generalizations of Einstein's theory of gravitation have been studied very actively in recent decades primarily in cosmological contexts with an attempt to explain the present accelerated expansions of the universe (for reviews, see, e.g., Refs. 1-3).
The motivation for such studies is also coming from observations on galactic scales related to galaxy rotation curves and the corresponding problem of dark matter. Most recently, in addition, the detection of gravitational waves from black hole mergers gives prospects to investigate the possible deviations from Einstein's theory in local strong-gravity regimes.
The modification of Einstein's theory by introducing a scalar field together with metric for the description of gravity appears to be most natural and most widely discussed.
The purpose of the present work is to develop the formalism for derivation of covariant conserved currents in the general case of the scalar-tensor Horndeski theory. 4 Our formalism is inspired by the original method of derivation of covariant currents in the classical general relativity by Katz, Bičák, and Lynden-Bell (KBL). 5 This method of formulation of conservation laws with respect to (w.r.t.) general curved backgrounds was developed in order to understand how Mach's principle can be formulated within cosmological perturbation theory. The resulting superpotential, from which the conserved quantities for arbitrarily large perturbations can be expressed as surface integrals, was found after applying certain natural criteria. It is commonly called the "KBL superpotential" as first designated by Julia and Silva. 6, 7 It is unambiguous and satisfactory in spacetimes with or without a cosmological constant in any spacetime dimension D ≥ 3 (see Refs. 6 and 7). It was applied in a number of situations, for example, in the studies of the causal generation of cosmological perturbations determining large-scale structure formation and in the problem of the backreaction in slow-roll inflation; see Refs. 8 and 9 and references therein.
In the KBL formalism a strong conservation law in spacetime M with metric g µν is derived with respect to a background spacetimeM with metricḡ µν ; for details, see Refs. 5 and 10.
The background (auxiliary) metric enables one to define covariantly global quantities at infinity (asymptotically flat, de Sitter, anti de Sitter, etc.). The background metric is then to be considered only at the "boundary." When perturbations of a given spacetime are studied, the background metric plays a role in the "interior" as well.
Before we turn to the characterization of the Horndeski theory and the construction of the conserved currents, we briefly recall the KBL formalism. The spacetimes M andM are connected via diffeomorphism φ; once this is fixed, we can consider both metrics to be on M (the pullback φ * ḡ µν is denoted just byḡ µν ). Correspondingly, the covariant derivatives, the Christoffel symbols, and the curvature tensors are denoted by ∇ α , Γ 
whereR = √ −gR is the scalar density curvature of spacetime M,R = √ −ḡR that ofM, k µ is a vector density the divergence of which removes the second derivatives of g µν fromL:
The conserved vectors and superpotentials can then be derived by applying Noether's method toL G . One considers an arbitrary displacement vector field ξ µ , expresses the Lie
Assuming then that Einstein's equations and contracted
Bianchi identities are satisfied one finds by straightforward though not short calculations that there exists a conserved vector densityÎ α equal to the divergence of a superpotential
where overbar represents replacing g µν byḡ µν , e.g.,k α = √ −ḡk α (here, in the background
. This is the KBL superpotential (see Refs. 5 and 10 for details). For the purpose of our work dealing with conservation laws in theories involving not only metric but also scalar fields we shall follow the formalism of Ref. 
II. THE HORNDESKI SCALAR-TENSOR THEORY
The Horndeski theory, the most general scalar-tensor theory of gravitation with the second-order field equations, was originally developed in Ref. 4 and then rederived in Ref.
31. The theory with field variables being scalar field ϕ and metric tensor g µν is given by the
where g denotes the metric determinant. The individual Lagrangians in the sum are given by the following expressions
K, G 3 , G 4 and G 5 are arbitrary functions of ϕ and X, where X denotes the quadratic an arbitrary multiindex. The field theory is described by the Lagrangian density assumed to contain fields up to their second derivatives,L =L(Q B , Q B,α , Q B,αβ ), hat denotes the scalar density. In our case, Q B represents both the metric g µν and the scalar field ϕ.L will be the Horndeski Lagrangian (4).
The first step in deriving a covariant conserved current is to introduce the auxiliary background metricḡ µν into the Lagrangian. This is done by converting partial derivatives into covariant ones usingḡ µν -Levi-Civita connection; in our case of Horndeski theory, simply by converting the g µν -covariant derivatives into theḡ µν -covariant derivatives. These derivatives will be denoted by∇ α or, when it is convenient, by a vertical line, e.g., ϕ |µν . The 
which represents the main identity of the formalism. The coefficientsû 
The quantity Q B | τ σ is defined via the Lie derivative of Q B as follows:
In order to find conserved currents in the Horndeski theory we need to introduce the background auxiliary metricḡ µν into the Lagrangian. Such Lagrangian then enters the derivatives in (10)- (12) . In the following, we successively introduce the background metric into scalar field and (physical) metric field.
B. The scalar field
In Lagrangians (5)- (8), we have the first derivatives of scalar field ϕ in quadratic term
∂ µ ϕ∂ µ ϕ and the second derivatives in terms ∇ µν ϕ, ϕ, Tr Π 2 and Tr Π 3 .
Since
The second derivatives are replaced by
where ∆ λ µν is the difference between the Christoffel symbols Γ λ µν andΓ λ µν associated with g µν andḡ µν , respectively. It can be written in the form
Thus we have
It is worth to observe that both g µν andḡ µν are tensor fields which can be used to raise and lower indices and the covariant character of expressions like (16) and (17) is preserved. Whenever covariant derivatives instead of partial derivatives are employed like in the quantities ∆ λ µν (15), they are constructed using the auxiliary metricḡ µν and are associated with a lower case index (like in∇ ν g ρµ ). However, because of the presence of various invariants formed from scalar field ϕ by "original" metric g µν like in the Lagrangian (5)- (8), it is advantageous to use this metric to raise and lower indices. This will appear in a number of lengthy formulas in the following. So, for example, in the quantity
where ∇ ρσ ϕ is given by (14) in terms of∇ and ∆ λ µν . In still more complicated case (which will be needed for expressions originating from Lagrangians L 4 and L 5 ), the third derivatives will be required. By direct calculations we find, for example,
where quantities like ∇ µν ϕ are given by (18) with ∇ µν ϕ given by (14) . In a contracted form we get
with ϕ given by expression (16).
However, whenever expression involving, for example, operator∇ µν occurs, quantitȳ
C. The metric field
The derivatives of metric field g µν are present in Lagrangians L 4 and L 5 [see (7) and (8)] in the form of the Ricci scalar R and the Einstein tensor G µν . The covariant version of the Riemann tensor R λ τ ρσ , which can be found, e.g., in Ref. 5 , is
here on the second line we highlighted the second derivatives of the metric. We notice that the covariantization of the Riemann tensor is ambiguous: the antisymmetric part of the second covariant derivatives can be converted into the terms involving the Riemann tensor of the auxiliary metricR λ τ ρσ multiplied by the metric g µν . In this paper, we will use the covariantization in which this whole antisymmetric part is inserted into the second part Q λ τ ρσ , leading thus to
Let us remark that this corresponds to calculating conserved current in the form forming the conserved currentî α (9) into gravitational and scalar parts:
in the coefficientû α σ we separated theLδ α σ term; it will be considered later. For the scalar part, we have ϕ| τ σ = 0, hence, the formulas (10), (11) and (12) considerably simplify:n ατ β
For the metric field g µν , we have from the definition (13)
Since in (10)- (12) there is always a sum over (µ, ν) of g µν | τ σ and a term of the type ∂L ∂g µν|··· , we can simplify (27) into g µν | τ σ S µν = −2g ρσ S τ ρ , with S µν being an arbitrary symmetric tensor.
This leads to the following formulas for the conserved current coefficients:
As our Lagrangian consists of four parts, we decompose the current coefficients into four parts as well:n ατ β
Hereafter, this notation will be used.
IV. THE DERIVATIVES OF THE HORNDESKI LAGRANGIAN
We give some intermediate results necessary to calculate the conserved current coefficientŝ
Simultaneously, it is rather illustrative to see how the covariantization and differentiation with respect to auxiliary fields work. As we have two different sets of fields, it is natural to divide the calculations into two parts.
A. Derivatives with respect to the scalar field
The Horndeski Lagrangian consists of several constituents containing derivatives of field ϕ: the kinetic term X, the d'Alambertian ϕ and the trace of powers of matrix Π, Tr(Π k ), k = 2, 3. For the calculation of the derivatives we need to write these terms manifestly covariant with respect to the auxiliary metricḡ µν ; but after the calculation is done, we will eliminate the auxiliary covariant differentiation∇ α in favor of covariant derivative ∇ a and Christoffel symbols difference ∆ λ µν whenever possible. The quadratic term X is simple:
Notice that for raising and lowering indices only the metric field g µν is always used.
The derivatives of ∇ µν ϕ are easily found employing (14):
which are in turn used to calculate all necessary terms present in the Horndeski Lagrangian, i.e. the d'Alambertian and its powers:
The matrix of the second derivatives Π µ ν of the scalar field ϕ and the trace of its various powers are given by
B. Derivatives with respect to the metric field g µν
The metric field g µν is explicitly present in the Ricci scalar and the Riemann tensor, and its first derivatives are also contained in the second derivatives of the scalar field ϕ, in the expression for the Christoffel symbols difference [see (14) and (15)]. Hence, using
we find the following relation:
Consequently, the resulting derivatives for the d'Alambertians look as follows:
Finally, the traces of the second derivatives read . First, derivatives with respect to the scalar field derivatives are 
The total conserved current coefficients for the Lagrangian L 2 are thus given bŷ
B. Conserved current coefficients for L 3
The Horndeski Lagrangian L 3 contains the second covariant derivatives of the scalar field.
These have an obvious impact on the derivative of L 3 w.r.t. the second partial derivative of the field ϕ, but they also imply the non-vanishing derivatives w.r.t. the first derivatives of the field and metric g µν [see (14) and (36)].
For the scalar part we get
It is simple to insert these expressions into (25) and (26) to obtain coefficientsm ατ σ(ϕ)(3) and u α σ(ϕ) (3) . However, there is one term involved in the calculation ofû α σ(ϕ)(3) which needs to be examined more closely:∇
As noticed already, the result should be written in terms of g-covariant derivatives and the Christoffel symbols difference ∆ λ µν . For the derivative of the metric and its determinant, we have∇
and∇ α g = 2g∆ λ λα , since the metric determinant is the scalar density of weight two, implyinḡ
The derivative of G 3 , a function of two scalars,
Regarding (53)- (58), we find the final forms ofm
For the metric part, the results considerably simplify since L 3 does not contain the second derivatives of g µν . The non-vanishing derivatives of L 3 are obtained using (44). The result is
The above expressions plugged into formulas (28)- (30) lead to the following conserved current coefficients for L 3 :
The Lagrangian L 4 contains the scalar curvature R which, multiplied by the square root of the determinant g, constitutes the Einstein-Hilbert Lagrangian. The calculations for conserved current coefficients will be performed in such a way that the coefficients corresponding to the Einstein-Hilbert Lagrangian will be preserved in the final result.
The derivatives of L 4 with respect to the scalar field derivatives are easily obtained using expressions (37) and (40):
To calculate the conserved current, we plug the above results into the formulas (25) and (26) . The calculations are straightforward except, as in the case of L 3 , for the term
we used the relation∇ α ( √ −g T ) = ∆ λ λαT + √ −g∇ α T , where T denotes an arbitrary tensor, c.f. (57). Furthermore, in the second term of (68), we need to convert the third "mixed" covariant derivatives∇ α ϕ and∇ α ∇ µν ϕ into just the g-covariant derivatives and ∆ α µν -s using formulas (19) and (20) . The resulting conserved current coefficients for scalar part then read
The Lagrangian L 4 is the first one containing the second derivatives of the metric in the scalar curvature. For now, we keep the derivatives of the scalar curvature unevaluated as it will mainly contribute to the Einstein-Hilbert part of the conserved current coefficients.
Employing (45) and (48), we obtain the Lagrangian derivatives with respect to the metric field derivatives as follows:
In the conserved current, the coefficientn ατ β σ(g)(4) is simple since the result is just the Einstein-Hilbert current multiplied by the function G 4 :
The next term we have to evaluate,
consists of two parts. The second part will contribute to the Einstein-Hilbert coefficient
, for the first part we need an explicit expression for scalar curvature derivative,
Using expressions (71)- (75), we obtain the final conserved current coefficientm ατ σ(g)(4) :
By similar procedure we find
The last Horndeski Lagrangian L 5 is the most complex -it contains the Einstein tensor G µν and the cubic terms of the second derivatives of the scalar field. The derivatives with respect to the scalar field are found rather easily using (35), (37), (40) and (41):
The conserved current coefficientm ατ σ(ϕ)(5) is then simply obtained by putting (79) into (25):
For the term∇ β (∂L 5 /∂ϕ |αβ ) inû α σ(ϕ)(5) we use (19) and (20) as in the conserved current coefficients for L 4 . Also, we use the following relation:
After quite tedious calculations we get the final form of the conserved current coefficient u α σ(ϕ)(5) as follows:
Now let us turn to the metric field. The derivative of L 5 with respect to the first derivative of g µν is worked out using expressions (45), (48), and (49):
where, when convenient, the Einstein tensor has been split into the Ricci tensor and the scalar curvature. The scalar curvature will then contribute to the Einstein-Hilbert part of the resulting conserved current coefficients. Using the derivative of Ricci tensor with respect to the first derivative of the metric,
we express the first term of (83) as follows:
The only object in L 5 containing the second derivatives of the metric tensor is the Einstein tensor G µν ; we get
where, as in (83), we split the Einstein tensor into the Ricci and scalar curvature part. The differentiated Ricci tensor with respect to the second derivatives of the metric reads
After contracting it with the second derivatives of the scalar field we get
which is then inserted into the expression (86).
Finally, we can calculate the last set of conserved current coefficients by employing the above results (83), (86) [together with (85) and (88)]:
VI. SUPERPOTENTIALî 
The conserved currentî α , given by (9) , is generated by the superpotential as a divergence:
Since we have two fields, we split the superpotential for the scalar and for the tensor field and for each Lagrangian, as in the case of the conserved currents. We write:
The coefficientsn ατ β σ vanish for the scalar field, see (24) , so the superpotential for ϕ-field reduces toî
Moreover, all coefficientsm (2) . Regarding the Lagrangian L 3 , as the coefficientn ατ β σ(g)(3) is also vanishing, we get the similar situation as for the scalar field and the superpotential formula reduces to the same form as in (94). Then, plugging (64) into (94), we get
For the Lagrangian L 4 we split the superpotential into two parts -we will explicitly exclude the part originating from the Einstein-Hilbert part of current coefficientsm 
where F is an arbitrary function, we obtain, after plugging (96) into (92), the following splitting of the superpotential:î
with the latter part given by the expression
Then, following this scheme for the Lagrangian L 4 with F = G 4 , we get
Finally, for the last Lagrangian L 5 we havê
The calculation ofî [αβ]
VII. SUPERPOTENTIALS ASSOCIATED WITH NONLINEAR AND LINEAR PERTURBATIONS
Superpotentials associated with the background are obtained simply by replacing all g µν and ϕ byḡ µν andφ and, consequently, all covariant derivatives ∇ are replaced by ones with respect to the background metric∇, and the connections difference ∆ λ µν vanishes. The superpotentials can be made relevant for (possibly large) perturbations if we consider the difference between the "total" and the background superpotentials as follows:
If the quantities ϕ, g µν andφ,ḡ µν are solutions of the field equations for both physical and background spacetimes, we can construct relative superpotentials and associated conserved charges for specific physical problems.
In this section, indices are raised and lowered with the metricḡ µν only. For the Lagrangian L 3 we have the background superpotential
where the notationF means √ −ḡF (φ,X) with F being arbitrary function of ϕ and X;
naturally,X = 
where the second part of the expression is given bȳ
the obvious notation¯ =ḡ µν∇ µ∇ν was used. For the last Lagrangian L 5 , we use the splitting (101), consequently, we have the expression for the background fields as follows:
with the following lengthy expression
where the identity∆ λ µν = 0 and the notation TrΠ 2 =∇ µνφ∇ µνφ were used; we also introduced notationī
, denoting the terms in brackets appearing at various derivatives of function G 5 . These will be subsequently used in the expressions for the linearized superpotential.
The linearization of these superpotentials is done by assuming the metric and the scalar field in the form g µν =ḡ µν + εh µν and ϕ =φ + εδϕ in superpotentials (95), (99)-(102) and keeping terms only of the first order in ε. We also have g µν =ḡ µν − εh µν + O(ε 2 ), with h µν =ḡ µρḡνσ h ρσ . Typically, for a term H the quantity δH means:
where inH every quantity was replaced by its background counterpart. The linearization of the following expressions is obtained easily:
where
For the superpotentials we haveî
, and for the Lagrangian L 3 , we obtain
Assumingφ = const. we get simply δî
The splitting of the superpotential (97) leads to the following decomposition:
withF simply denoting F (φ,X) and δF = ∂ ϕF δϕ + ∂ XF δX. In the case of the Lagrangian L 4 , the decomposition looks as follows:
and for the δî αβ (4)(rest) we arrive at the expression:
After settingφ = const., we obtain ∆î
In the superpotential for the Lagrangian L 5 (102), we observe two terms for which the linearization is not so obvious. It is the Einstein tensor G µν and the third derivatives of scalar field ∇ αβγ ϕ. Let us examine them closer. Using (21) and realizing that ∆ λ µν is already of the first order, we obtain the Riemann tensor and, by contraction, the linearized Ricci
The Ricci scalar R = g τ σ R τ σ is then linearized as follows
leading to the final expression for the linearized Einstein tensor G µν =Ḡ µν + ε δG µν + O(ε 2 ):
The linearization of the third covariant derivative of the scalar field proceeds as follows.
Converting the outermost derivative into a background one, we obtain
and after substituting from (14), we have
This is then linearized in a straightforward way into
Hence, we can write
Considering antisymmetrization of two outermost derivatives in (123), we obtain
and rewriting the terms in brackets using (21) we arrive at the familiar result
Linearizing the last expression using (119) gives
which is in agreement with result (124). The substitution 2∇ [αβ]γ δϕ = −R ρ γαβ∇ρ δϕ completes the result, so that we have
The last superpotential has the following form
with
where the terms above are given by the following lengthy expressions:
The terms δ(∇ αβγ ϕ), δ∆ λ µν and δG µν should be replaced with expressions (125), (112) and (121). 
VIII. BRANS-DICKE THEORY
Considering the Brans-Dicke Lagrangian
all of the results considerably simplify. The Brans-Dicke theory is a special case of a general
Horndeski theory with Lagrangians L 2 and L 4 with functions K and G 4 given as follows:
The non-vanishing superpotential associated with the Lagrangian L 4 is obtained after
and ∂ X G 4 = 0 in (99) and (100) with the result:
The superpotential associated with the background readŝ 
If the divergence of the vector densityk µ is added to the Einstein-Hilbert Lagrangian, the KBL superpotential 5 is recovered:
